Abstract. Starting from suitable tableaux over finite dimensional Lie algebras, we provide a scheme for producing involutive linear Pfaffian systems related to various classes of submanifolds in homogeneous spaces which constitute integrable systems. These include isothermic surfaces, Willmore surfaces, and other classical soliton surfaces. Completely integrable equations such as the G/G 0 -system of Terng and the curved flat system of Ferus-Pedit may be obtained as special cases of this construction. Some classes of surfaces in projective differential geometry whose Gauss-Codazzi equations are associated with tableaux over sl(4, R) are discussed.
Introduction
It is well known that various completely integrable nonlinear PDEs (soliton equations) arise in differential geometry as compatibility conditions for the linear equations satisfied by frames adapted to submanifolds in higher dimensional homogeneous spaces. In this geometric setting, the adapted frames and the local differential invariants of a submanifold may be described as integral manifolds of an appropriate exterior differential system (EDS). The theory of EDSs has been proven to be fruitful in the study of certain soliton equations, especially as concerns their Bäcklund transformations and conservation laws. In this regard, we only mention the early work of Estabrook and Wahlquist on the Korteweg-de Vries equation and the Schrödinger equation with a cubic nonlinearity [13, 14] , the work of Sasaki, Chern and his collaborators on special classes of nonlinear evolution equations [29, 11, 12] , and more recently that of Bryant, Terng and Wang on the curved flat equations [5, 33] .
The purpose of this paper is to present a unifying approach to a number of different classes of known integrable surfaces and submanifolds in homogeneous spaces. These all ultimately derive from a special class of involutive Pfaffian differential systems. As such, the EDS point of view offers a way of better understanding the geometry of these submanifolds and yet another perspective in the search for new classes of integrable geometries.
We provide a scheme for producing linear Pfaffian systems in involution 1 starting from suitable algebraic tableaux over finite dimensional Lie algebras. The interest in this construction is that several classes of submanifolds in homogeneous spaces which constitute integrable systems are related to Pfaffian systems which fit into this scheme. The solutions of these systems contain, as special cases, the solutions to well-known completely integrable equations such as the n-dimensional system associated with a symmetric space G/G 0 of rank n, the so-called G/G 0 -system defined by Terng [31] , and the (gauge equivalent) system for curved flats in symmetric spaces introduced by Ferus and Pedit [19] . Geometrically, besides the examples of isometric immersions of space forms into space forms, of isothermic surfaces and of L-isothermic surfaces, all related to curved flat systems [20, 8, 4, 27, 28] , other important examples include Willmore surfaces and their counterparts in Laguerre geometry [25, 26] , Godeaux-Rozet, Demoulin and asymptotically-isothermic surfaces in projective differential geometry, as well as their analogues in Lie sphere geometry [9, 15, 17, 18] .
The common structure of the above examples is the concept of tableau over a Lie algebra. It takes up the familiar notion of an involutive tableau in the theory of EDSs (cf. [23, 30, 6] ) and adapts it to the purpose. Although its simple formulation, we are not aware of it having appeared earlier in the literature. We illustrate the general procedure to associate with each tableau over a Lie algebra a Pfaffian differential system, and show that the property of being involutive for such systems can be directly detected from the properties of the corresponding tableaux. In the semisimple case, this construction applies to the G/G 0 -system and the curved flat system. At the same time, we start the program of identifying the submanifold geometry associated with these systems/tableaux. This amounts to finding submanifolds in some homogeneous space whose integrability conditions are given by the Pfaffian differential system associated with a given tableau. We carry out this program for surfaces in projective differential geometry whose Gauss-Codazzi equations correspond to various tableaux over sl(4, R).
The paper is organized as follows. In Section 2, we introduce the notion of a linear tableau over a finite dimensional Lie algebra and examine its basic properties, discussing the special case of semisimple Lie algebras. In Section 3, starting from a tableau A over a real Lie algebra g with Lie group G, we construct a canonical Pfaffian exterior differential system with independence condition (I, ω) on Y = G × A, and prove that this system is involutive in the sense of Cartan-Kähler theory. In particular, the Cartan characters of a regular flag are computed in terms of the characters of the corresponding tableau. Next, we illustrate the construction of this Pfaffian exterior differential system in the case of the G/G 0 -system of Terng. In Section 4, we give a brief review of the moving frame method for surfaces in real projective space and explain the relation between the exterior differential systems defined by tableaux over sl(4, R) and the equations for various classes of surfaces in projective differential geometry. We discuss the cases of Godeaux-Rozet, Demoulin, and asymptotically-isothermic surfaces. The corresponding tableaux are studied and their characters are computed. The next step would be to develop a systematic study of tableaux over Lie algebras. This will help to answer a number of questions which naturally arise. For instance, one can ask which tableaux generate integrable differential systems and whether it is possible to formulate additional restrictions on the tableaux to guarantee the integrability. These and other questions will be the object of future investigation. We conclude by observing that the above setting is also the natural one for studying invariant variational problems, their Euler-Lagrange systems and conservation laws, in the spirit of Bryant, Griffiths and Grossman (cf. [7] and the notion of multi-contact manifold therein).
The basic reference on exterior differential systems has been [6] and our notation is consistent with this reference. The summation convention over all pairs of repeated indices in a product will be used throughout except when explicitly stated otherwise.
We thank the referees for useful comments and suggestions. 
the linear map defined by
for all F ∈ Hom(a, A) and A 1 , A 2 ∈ a. The first prolongation A (1) ⊂ Hom(a, A) of the subspace A is the kernel of ρ. If Hom(a, b) is identified with b ⊗ a * , then
, where S 2 (a * ) is the 2nd symmetric power of a * .
For any flag ℓ ∈ F(a)), ℓ : (0) ⊂ a 1 ⊂ · · · ⊂ a k = a, we set
The subspaces A j give a filtration
A flag ℓ is generic with respect to A if the dim A j (ℓ) are a minimum, i.e.,
The set of generic flags is an open and dense subset of the flag manifold F (a).
The characters of A are the non-negative integers s ′ j defined inductively by s
where ℓ is a generic flag with respect to A. With this formulation, one can establish the following inequality (cf. [23, 30, 6] )
If R Q vanishes identically, we may consider the b-valued two-form
where, for X ∈ a ⊕ b, X a (resp. X b ) denotes the a (resp. b) component of X.
Definition 2.1. Let g be a Lie algebra and a, b subspaces of g as above. By a tableau over g we mean a subspace A of Hom(a, b) (i.e., a tableau in the usual sense) such that:
Tableaux of this type arise naturally in the case of semisimple Lie algebras.
2.2.
Tableaux over semisimple Lie algebras. Let g be a semisimple Lie algebra endowed with its Killing form , . Let g = g 0 ⊕ g 1 be a symmetric decomposition of g, that is, g 0 is a subalgebra of g and g 1 is a vector subspace such that
Assume that g/g 0 have rank k and that a be a maximal (k-dimensional) Abelian subspace of g 1 . Then the subspace g 1 decomposes as g 1 = a ⊕ m, where
Further, let
for any regular
2 element A ∈ a with respect to the Ad(G 0 )-action on g 1 , the maps
are vector space isomorphisms. Moreover, the mapping
is injective, and hence m can be identified with a linear subspace of Hom(a, b).
Proposition 2.2. If g is a semisimple
Lie algebra and a, b, and m are defined as above, then m, regarded as a subspace of Hom(a, b), is a tableau over g. It is referred to as a Cartan tableau over g. 2 We recall that A ∈ g 1 is regular if the orbit at A for the Ad(G 0 )-action is a principal orbit.
If A is regular, it is contained in a maximal abelian subspace a in g 1 and Ad(G 0 )(a) is open in g 1 (cf. [4, 31, 33] ).
Proof. First, we prove that R Q = 0, for every Q = −ad X , X ∈ m. For A 1 , A 2 ∈ a, we have
and hence R Q = 0.
Next, we show that τ Q ∈ Im (ρ), for every Q = −ad X , X ∈ m. From the first part of the proof, we know that [
that is,
where M Q is the liner map defined by
Finally, we prove that m is involutive. Let (A 1 , . . . , A k ) be a basis consisting of regular elements of a. Then the flag
is generic with respect to m and the characters are given by
For every X ∈ m, we consider the linear map µ X : a → m defined by
, A], for every X ∈ m and every A, B ∈ b. This shows that Im (µ) ⊂ m (1) . In particular, we get
The Pfaffian system associated with a tableau
Let A ⊂ Hom(a, b) be a tableau over a finite dimensional Lie algebra g and let G be a connected Lie group with Lie algebra g. We set Y := G × A and refer to it as the configuration space.
A basis (A 1 , . . . , A k , B 1 , . . . , B h , C 1 , . . . , C s ) of g is said to be adapted to the tableau A if
Moreover, we say that it is a generic adapted basis if the flag
is generic with respect to A. For a generic adapted basis (
denote its dual coframe. For a given basis
of the tableau A, we identify the configuration space Y with G × R m by
Definition 3.1. The exterior differential system associated with A is the Pfaffian system (I, ω) on Y such that I is generated, as exterior differential ideal, by the linearly independent 1-forms
with the independence condition
The Pfaffian system (I, ω) is given by a filtration of subbundles I ⊂ J ⊂ T * Y such that J/I has rank k. The 1-forms η j (j = 1, . . . , h) and γ a (a = 1, . . . , s) span the sections of I, while the α i (i = 1, . . . , k) are sections of J which project to a coframe of J/I at each point of Y . Proof. Let V k (I, ω) denote the set of all integral elements of dimension k. We remind that (I, ω) is in involution at y ∈ Y if there exists an ordinary integral element (y, E) ∈ V k (I, ω)(y) and that (I, ω) is in involution if it is in involution at every point y ∈ Y . To prove the theorem, we use Cartan's test of involution for linear Pfaffian systems.
The set of 1-forms {dp ǫ } = {dp 1 , . . . , dp m } completes {η j ; γ a ; α i } to a local coframe of Y which is adapted to I ⊂ J ⊂ T * Y . In terms of this coframe, according to (1) of Definition 2.1, the structure equations of (I, ω) become
where
and {I} denote the algebraic ideal generated by {η j ; γ a }. From (3.5) it follows that the Pfaffian system (I, ω) is linear, i.e., dI ≡ 0 mod {J}. This is equivalent to the condition that the fibers of V k (I, ω) are affine linear subspaces of G k (T Y, ω), with respect to the standard coordinates there. More specifically, an integral element at y ∈ Y is defined by the equations (3.6) η j = 0, γ a = 0, dp ǫ = p 
Then, using (2) of Definition 2.1, we may choose a coframe of the form
where x ǫ i are suitable smooth fuctions, so that the torsion term T j i l in (3.5) vanishes identically and the structure equations of (I, ω) take the form
Observe that (3.9) and (3.10) imply at once that the integral elements over y ∈ Y form a linear space which is isomorphic to the first prolongation A
(1) of the tableaux A.
Next, set π 
From Cartan's test of involution for linear Pfaffian system, we may then conclude that (I, ω) is involutive, with Cartan's characters s
The G/G 0 -exterior differential system. Let G/G 0 be a semisimple symmetric space of rank k and g = g 0 ⊕ g 1 be a Cartan decomposition of G/G 0 . Let a be a maximal k-dimensional Abelian subspace in g 1 and (A 1 , . . . , A k ) a basis for a consisting of regular elements with respect to the Ad(G 0 )-action on g 1 . According to Terng [31] , the G/G 0 -system associated with the symmetric space G/G 0 is the following system of PDEs for maps V : U ⊂ a → g 1 ∩ a ⊥ :
where V xi = ∂V ∂xi , being x i the coordinates with respect to (A 1 , . . . , A k ).
Observe that V : a → g 1 ∩ a ⊥ is a solution of (3.12) if and only if the g-valued
is flat, i.e., satisfies the Maurer-Cartan equation, where α = α i ⊗ A i denotes the tautological 1-form on a.
By a generalized solution of the G/G 0 -system is meant a pair (f, V ) :
Remark 3.3. Note that if (f, V ) is a generalized solution and U ⊂ M
k is an open subset such that f |U : U → a is a diffeomorphism onto its image, then
⊥ is a solution to the G/G 0 -system. 
For a map (g, V ) :
M k → G × g 1 ∩ a ⊥ , let α denote the a component of g −1 dg with respect to the splitting g = g 0 ⊕ a ⊕ g 1 ∩ a ⊥ of g. Then (g, V )
is a framed solution if and only if
• g
If M k is simply connected, the corresponding generalized solution is given by (f, V ), where f : M k → a is defined by df = α (note that α is a closed 1-form).
Definition 3.5. The G/G 0 -exterior differential system is defined to be the Pfaffian system on the configuration space Y = G × m associated with the Cartan tableau m ⊂ Hom(a, b) .
Next, we show that the framed solutions of the G/G 0 -system can be described as integral manifolds of this G/G 0 -exterior differential system. Let n ⊂ g 0 be such that g 0 = b ⊕ n and let θ = θ a + θ m + θ b + θ n be the decomposition of the Maurer-Cartan form of G with respect to the splitting
The Pfaffian system on Y associated with the tableau m ⊂ Hom(a, b) is generated by the Pfaffian equations
The integral manifolds of this system are smooth k-dimensional immersed submanifolds (g, V ) :
, where f is a local diffeomorphism. This shows that the integral manifolds coincide with the framed solutions of the G/G 0 -system. Remark 3.6. According to the proof of Proposition 2.2 and Theorem 3.2, it follows that the G/G 0 -system is in involution and its general solutions depend on k functions in one variable (cf. [33] ).
Surfaces in projective space and tableaux over sl(4, R)
First, we briefly review some aspects of projective differential geometry of surfaces by the method of moving frames (cf. [ 1, 2, 10, 21] ).
4.1. The Wilczynski frame. Let G = SL(4, R)/Z 2 be the full group of projective transformations of the real projective space P 3 . For each g = (g 0 , g 1 , g 2 , g 3 ) ∈ SL(4, R) we shall denote by [g] its equivalence class in G. The Lie algebra g of the projective group will be identified with sl(4, R) and the Maurer-Cartan form of g will be denoted by θ = (θ
Let f : M 2 → P 3 be a smooth immersion of a connected surface. We shall still write θ instead of f * (θ) to denote the pull-back of the Maurer-Cartan form on M . A projective frame field along f is a smooth map g :
, for all x ∈ U . A projective frame along f is of first order if θ In terms of the Wilczynski frame, the quadratic and cubic forms can be written, respectively, as:
The non zero components of the Maurer-Cartan form θ of the Wilczynski frame are θ . From the exterior differentiation of these forms and the structure equations, it follows that there exist smooth functions q 1 , q 2 , p 1 , p 2 , and r 1 , r 2 , the invariant functions of the surface, such that
In addition, the invariant functions must satisfy the following equations:
Conversely, given a coframe (θ A 2 , B 1 , . . . , B 5 , C 1 , . . . , C 8 ) be its dual basis and set
Definition 4.7. The Fubini-Cartan tableau is the 6-dimensional subspace W ⊂ Hom(a, b) consisting of all elements Q(q, p, r) of the form
Lemma 4.8. W is a tableau over sl(4, R).
Proof. For any Q ∈ W, we compute
This implies that
A direct computation shows that the first prolongation W (1) of W is spanned by
Thus dim W (1) = 7 and the map ρ : Hom(a, W) → b ⊗ Λ 2 (a * ) is surjective 3 . Next, consider a generic flag ℓ ∈ F(a) of the form ℓ : (0) ⊂ span {λA 1 + µA 2 } ⊂ a, for λ, µ ∈ R, λµ = 0. The linear space consisting of all Q ∈ W such that Q |span{λA1+µA2} = 0 is characterized by the equations
This implies that dim W 1 = 1 and therefore
Remark 4.9. The exterior differential system defined by the Fubini-Cartan tableau is the Pfaffian differential ideal generated by the 1-forms
where η 1 , · · · , η 5 are given by (4.10)
, with independent condition θ 1 0 ∧ θ 2 0 = 0. From this we infer that the integral manifolds of the system are the 2-dimensional submanifolds 
Thus we may represent Q(x) by means of the quadratic form
Let Q (2, 2) denote the pseudo-Riemannian symmetric space
Then the 2-parameter family of Lie quadrics can be viewed as an immersion
This map is referred to as the projective Gauss map of the immersion f .
The Lie quadric χ f (x) is parametrized by the map
Thus the projective tangent space of χ f (x) at the pointf x (λ, µ) is the projective plane spanned by the following three linearly independent vectors (4.12)
Accordingly, the envelopes of the projective Gauss map are maps h : M → R 4 of the form h = g 0 + λg 1 + µg 2 + λµg 3 , where λ, µ are smooth functions, determined by the tangency condition
Using the Maurer-Cartan equations, we compute
, then λ and µ must be solutions of the system
If we allow the envelopes to be imaginary, we have the classical result Remark 4.11. We have real envelopes if and only if r 1 > 0 and r 2 > 0.
4.4.
Godeaux-Rozet surfaces and the corresponding tableau. GodeauxRozet surfaces are characterized by the fact that either r 1 = 0 or else r 2 = 0. So the projective Gauss map of a Godeaux-Rozet surface has less than five distinct envelopes. They can be viewed as integral submanifolds of the Fubini-Cartan differential system restricted to one of the two submanifolds W (a,b1,b2) = Q(q, p 1 (t), p 2 (t), r) : t ∈ R, q, r ∈ R 2 .
Notice that W (a,b1,b2) is an affine subspace and as such, properly speaking, it does not fit into our scheme. Nevertheless, it is possible to develop a similar theory also for affine tableaux over Lie algebras, and then surfaces satisfying (4.14) can be viewed as integral submanifolds of the Pfaffian system on G × W (a,b1,b2) associated with W (a,b1,b2) . Also in this case, a direct computation yields that W (a,b1,b2) is involutive and that its characters are 
